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LetE;jfori=1,...,7 +1be the standard generators of gl, ;. The
commutator relations are given by

[Eij, Esx] = 0jsEix — 0ikEs,.
We have the triangular decomposition

g[r—i-l =n, ®hdn_,
where
r+1
U+Z@C'Ei’j; b:®C'Ei,ia n*:@C.Ei’j'
i<j i=1

i>j
sl;41 is the simple Lie algebra of type A with Lie algebra rank r. The
representations of sl, | are almost the same as those of g, , ;.
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the standard action of gl, _; on V by

Set V = C't!, Lete; € C't! be the vector with 1 on the i-th component
and 0 on all the other components, then {¢;}/] is a basis of V. Define

E,‘,]‘Ek = 5j,k€i-
weight vector of V, we have

V is the vector representation of gl, ;. Let v, = ¢ be the highest
EiJZJ_;,_ = (517,'2)_‘_, Ny oy = 0,

fori=1,...,r+1.
V is the irreducible gl, | representation with highest weight w;,
where w; € h* and w1 (E;;) = 1.
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TENSOR PRODUCT OF VECTOR REPRESENTATIONS

Let n be a positive integer. If X € End(V), then we denote by

X® € End(V®") the operator id ' @ X ®id®" acting non-trivially
on the i-th factor of the tensor product. Then for any X < g, , the
action of X on V" is given by >_1"_; X,

Example: Eq1(vy ® 04 @ -+ ®@04)
= E110+®U+®' . '®U+ +U+®E110+®' . '®U++' . '+U+®U+®' . '®E117J+
:n(v+ ®v+®"'®v+).

Let (V®")sing = (v € V®" | n v = 0} be the subspace of singular
vectors in V®", For 1 € h* let

(V) = {v € V" | ho = p(h)v, forallh € h*}

be the subspace of V®" of vectors of weight /1. Denote the singular
space of weight y in V" by (V&"),"8 = (V@n)sing  (y@n)

] = =
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GAUDIN MODEL

The Gaudin model was introduced by [Gaudin 1976] for the case of
Lie algebra gl, and later generalized by [Gaudin 1983] for all simple

Lie algebras.
Letz = (z1,...,2,) be a point in C" with distinct coordinates.
Introduce linear operators H1(z), . .., Hy(z) on V®" by the formula

r+1 (i) ()
Hi(Z) _ Z Z;,b:l Eafb ® Eb,u )

o
jr j#i o

The operators H1(z), ..., H,(z) are called the (quadratic) Gaudin
Hamiltonians of the Gaudin model associated with V.

The operator 2221:1 E[% ® El(j 21 acts on V¥" simply by permuting the
i-th and j-th factors.
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GAUDIN MODEL

Proposition

The Gaudin Hamiltonians commute, [H;(z), H;(z)] = 0 for all i,j. The
Gaudin Hamiltonians commute with the action of gl, 1, [Hi(z), X] = 0 for
all iand X € gl, . In particular, for any ;. € b*, the Gaudin Hamiltonians

preserve the subspace (VE")5"8  V&n,

The main problem for the Gaudin model is to find common
eigenvectors and eigenvalues of the Gaudin Hamiltonians. By the

proposition, it suffices to do that in the subspace (V@nysing,

The main method is the algebraic Bethe Ansatz method.
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WHAT IS BETHE ANSATZ METHOD?

The algebraic Bethe Ansatz method is a certain construction of
eigenvectors for a family of commuting operators, which contains the
Gaudin Hamiltonians.

The idea of this construction is to find a vector-valued function of a
special form and determine its arguments in such a way that the
value of this function is an eigenvector.

The function is called weight function. The equations which
determine the special values of arguments are called the Bethe
Ansatz equations.

The method was invented by [Bethe 1931] to find the exact spectrum
of the one-dimensional antiferromagnetic Heisenberg model.
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EXAMPLE OF CASE gl, [GAUDIN 1976]

Consider the tensor product
(C¥=C®---0C

and introduce the generating function

K(u) = z”:L(z)’ foru e C.

— U —Z
i=1
Then [K(u), K(w)] =0 forall u,w € C.

To diagonalize operators /(1) for all u € C is equivalent to
simultaneous diagonalization of the Gaudin Hamiltonians.
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Note that
EV, 9 EY) + EY) 9 BV, + EY, @ E), + EY), © EY)
Hilz) = Z i~z ’
j#i v

the vector |0) :==v4 @ --- ® v; € (C?)®" is an eigenvector of the

Gaudin Hamiltonians; #;(z)|0) = ( ! % )|O) therefore |0) is an

J#
eigenvector of /C(1).

Introduce operators E» 1(t), t € C, on the spaces (C?)®" by the
formula

Now consider the vector

|t1,... ) = Ex1(t1) ... E21(£)]0).

u]
]
I
w
i
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It is proved by explicit calculation in [Gaudin 1976] that
Kt ..

7tl> = Sl(u)|t1a .

L h)
1

>

|1, .
j:lu_tj ’

where

oyt t),

1 2
k]’:zt,z._zt,,t’
[
1
2 s

i) (u —z)

i=1 j=1

_ZZ (u—zi)(u—t) + Z

1<z<]<l
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If we take t1,...,f;such thatk; = 0 forallj = 1,...,/, then the vector

|t1, ..., t;) becomes an eigenvector of K(u). The system of equations
ki=0forallj=1,...,lis called the Bethe Ansatz equation (BAE).
The vector [t1, ..., ) is called a Bethe vector.

By computing the residues, we get the corresponding eigenvalues of
Hi(z), that is

1

Hi(z)|t17'~-atl>_(Zziizj_z ! )|t1a"'atl>'
=

i =

Moreover, the residue of s;(1) at u = t; is k; = 0 for each j. Hence s;(u)
isregular att; forallj=1,...,L

u]
]
I

w
i
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We introduce a rational function ®(t; z), where t = (t,...,#) and
z=(z1,...,2n), by the formula
I n
otiz)= [[ @-z][I[t-20" [[ *-t)?
1<i<j<n i=1 j=1 1<i<j<l
Then we have 9%
ki = (@_1—) t;z),
' ot; (£:2)
109
Hi(@lh, . t) = (075 ) (B2, ),
Zj
ift = (t1,
product on (C?)®", we have

, 1) satisfies BAE. Moreover, with the standard inner

2
t ), |k, ... 1) = det
(‘ 15 s l>a| 1, 1>) 1<i,]<l<

— In®

8ti8t]- (t; Z)> '

[m]

&
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MASTER FUNCTION FOR gl

Fix a sequence of non-negative integers [ = (I, ...,/;). Denote
I=h+-+1L,al) =hor+ -+ La, Ao =
the master function ®(#;z) which is a function of ! variables

= nw; — a(l). Introduce
t= (1Y,

D,
by the formula

(1) (r)
. sk )
11 n
ot;z)= [ @-z[[11¢" =)
1<i<j<n j=1s=1
() r—1
i 2
LI @08
i=11<j<s<;

i=1 j=

I lig1

(1+1)
L1~

1

CONNECTIONS AND PROPOSED RESEARCH
000000000
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BETHE ANSATZ EQUATION

0]
(I)_laa(i) (t;z) =0,
f

A point t € C! is called a critical point of ®(- ; z), if

fori=1,...,randj=1,...,1.
In other words, the following system of algebraic equations is
satisfied,
n 51 i 2 lit1 1 li— 1
_ ) _
0=>" RO > 00 + MORPGRY + "G
s=1"%j S s=1,5#4] °j s s=1"%j s j

-
s=1 %4 = ts(l )
This system of the equations is called the Bethe Ansatz equation
associated to gl,, ; Gaudin model.

CONNECTIONS AND PROPOSED RESEARCH
000000000
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The product of symmetric group 3; = ¥, X --- x 3, acts on the
variables t by permuting the coordinates with the same upper index.
The master function is ¥;-invariant. The set of critical points of

(- ; z) is Xj-invariant. We will not distinguish critical points in the
same X;-orbit.

For a critical point ¢, define the tuple y* = (y1, ..., y,) of polynomials
of x by
I ‘
yitx) = [Jr =) fori=1,....r

j=1

Solving BAE is equivalent to finding coefficients of y;. We say that y*
represent the critical point ¢.
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GENERAL MASTER FUNCTION

Fix a simple Lie algebra g, a sequence of weights A = (A;)"_,, A; € b¥,
and a sequence of non-negative integers [ = (I, ...,l,). Denote

La =L ®Lp, @ - @Lp, =k + -+ 1, o) = oy + -+ + L,
and Ao = Ay + -+ + Ay — a(]). Introduce the master function

@, a1(t; z) which is a function of | variables

1 1
t= )

by the formula
bonsttin = T (o)™ [TTTTICO - =) o
1<i<j<n i=1j=1s=1
™ H H t(l) t(l (aiy04) H H H t(/) (i, a,)
i=11<j<s<; 1<i<j<rs=1k=1

u]
]
I
w
i
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WEIGHT FUNCTION
The formula for the Bethe vector is a rational map

w:C'xC"—= (V¥)a_, (tz)— w(t;z)

)

called the canonical weight function, which was introduced by
[Matsuo 1990] for gl, ,; and by [Schechtman-Varchenko 1991] for all
simple Lie algebras.

Let t € C' be a critical point of the master function ®(- ; z). Then the
value of the weight function w(t ;z) € (V®"),__ is called the Bethe
vector.

Note that dim Ly < oo if and only if A € h* is dominant integral.

Lemma (Mukhin-Varchenko 2004)

If weight A is dominant integral, then the set of critical points is finite.
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Assume that ¢ € C' is an isolated critical point of the master function
®(- ; z). Then with the standard inner product (-, - ),

82
(wlt:), () = det (50 e ).

This equality is proved by [Varchenko 2006] for the general setting.
Theorem (Varchenko 2011)

The Bethe vector w(t; z) is non-zero.

Theorem (Reshetikhin-Varchenko 1995)

The Bethe vector w(t; z) is singular, w(t; z) € (V®”)i\ir;f. Moreover, w(t; z)
is a common eigenvector of the Gaudin Hamiltonians,

Hi(z)w(t ) < oz

)(t z)w(t; 2), i=1,...,n.
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COMPLETENESS

Bethe Ansatz Conjecture
The number of solutions of BAE equals to dirn(V(@”)Zi:;g and the Bethe

vectors obtained from those solutions form a basis of (V®”)f\i:f.

This conjecture is true for generic z. For general setting, the conjecture
is false. In [Mukhin-Varchenko 2007], there is a counterexample for
which the conjecture is false for all z. When z is generic, the
conjecture is true for the following cases with certain tensor products

» Lie algebra g, ; [Mukhin-Varchenko 2005]

» Lie superalgebra gl(p|q) [Mukhin-Vicedo-Young 2015]

» Lie algebras of types B,C,D [L-Mukhin-Varchenko 2015]
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COMPLETENESS FOR TYPES B,C,D

The starting point is the tensor products of the first fundamental
representations L,,,. The L, plays the similar role as V in gl, ;. To
this end, we begin with the 2-point case Ly ® L., .

For 2-point case, we can always rescale (z1,z2) to (0,1). Note that the
decomposition of Ly ® L, is multiplicity-free for all dominant
integral weights A\. We expect to solve the BAE explicitly.

This is equivalent to finding the coefficients of a tuple of polynomials
y', which represents this solution. In all previously known results for
the multiplicity-free cases, those coefficients can be completely
factorized into products of linear functions of the parameters with
integer coefficients. The difficulty for types B,C,D is that the
coefficients can not be factorized in such a fashion.
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Our idea comes from the reproduction procedure studied in
[Mukhin-Varchenko 2008]. This reproduction procedure allows us to
reduce the problem to the trivial case I = (0,...,0) with different
initial data. By solving the BAE, we obtain that the constant terms of
those polynomials whose degrees are at most 2 are factorizable while
the linear coefficients can be expressed as sums of two factorizable
terms.

Theorem (L-Mukhin-Varchenko 2015)

The set of Bethe vectors w(t; z1,z2), where t runs over the solutions to the
Bethe Ansatz equations with I, forms a basis of (L ® Ly, )*™8. Moreover, for
types B and C, the Gaudin Hamiltonians have simple joint spectrum.

The spectrum is not simple for type D since the Dynkin diagram for
type D has a nontrivial symmetry.
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Let \j = (\, /) € Z>o. For the case I = (2,...,2), the constant term
of the quadratic polynomial vy, k =1,...,7,is

2
2r71)\j+"'+)\2r—l+2/\27—l+1+ +2/\r1+/\ +l—]—1

Nt A+ 201+ 20 A+

j=1
y S My b N2 A2 A -2
=i )\2r_1+1+"'—|->\]'+2/\j+1+~"+2)\r_1+/\y—|-l—j—1
y L TR I ) VR o2 VIVIE IS ) WIS W Ty S
i Y b R A DA 2 A -

XTfAm4+y+“'+AF4+l*77ifl
Pl Xpoipr -+ i FHl—r—i

XZ)\zr_l_H+"'+2)\r_1+)\r+21—21’—3.
20 g1+ 201+ A+ 20 -2r—1
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The linear coefficient of the quadratic polynomial vy is
20141+ F 200 F A+ 21 -2r—3
2)\27‘—1-1-1 +o 20 F A +20-2r =2
2r—1 ‘
% lr—l )\j+"'+)\2r71+2)\2r71+1+"‘+2>\r71+)\r+l_]_'1
paie ANt A 200 20 A L
k-1
X
, A
j=2r—I+1
r—1

Apoipr o N F 2N 2N N -2
+

, A
j=2r—I+1

2l TN F 2N 20 A -1

A1+ AN F 2N 20 A =2

g1+ A F 2N 20 A= -1
r—k

<11

Ayppgpr A Nl —r—i—1
i=1

MAypgir+ Mo l—r—1i )
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We can reduce the completeness for Ly @ (L") case to the case of
n = 2 by sending all z; to the same number with different rates. We
can generalize the theorem to the general 7, that is for the tensor
product Ly ® (L") for all dominant integral weight \.

Theorem (L-Mukhin-Varchenko 2015)
Let g = 50,41 07 $02, OF Sp,,. For generic z there exists a set of solutions
{t;, i € I} of the Bethe Ansatz equation such that the corresponding Bethe

vectors {w(t;; z), i € I} form a basis of (L) ® Lf?f)smg. If g = 500,11 OF
s,,, the Gaudin Hamiltonians have simple joint spectrum.
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Consider the case gl,, n =2, A = (A1, A2), (0,1). Then for given |
we have
I
DY - 2
=[[5Ma-7 I -1~
j 1<i<j<!
The Selberg integral is

/@d H(/+

M +])//<a+1) (= +)/c+DI((+1)/k+1)
where A= {t cR [0 < t; <

— X+ Q2-j-2)/k+2)T(1/k+1) ’
<< 1}.
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The following is a conjecture made by [Mukhin-Varchenko 2000] for
the case of tensor product of two highest weight modules.

If dim(Ly ® Lu)f\ir;g = 1, then the integral [ ®!/*dt for some region can
be computed explicitly in terms of Gamma functions.

There is a 43 pages paper written by [Forrester-Warnaar 2007] about
the importance of Selberg integral. There are several results in this
direction:

» for the sl3 case [Tarasov-Varchenko 2003];
» for the sl, 1 case [Warnaar 2009];
» for the B,C,D case with L, ® L,,, [Mimachi-Takamuki 2004].

We hope to compute this integral for type B (and C,D) with Ly ® L,
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EXAMPLE [THEOREM 6.7.1, SZEGO]

The Jacobi polynomial Pl(”’b) (t) satisfies the following differential
equation

1-2)y' +b-a—ta+b+2)y +l(a+b+1+1)y=0.

The roots t1, ..., t of Pl(a’b) (t) are simple and satisfy the following
system of equations

a+1 b+1 2
f]'—l tj-l-l

s t— b

foranyj=1,...,L

This is the Bethe Ansatz equation associated to gl,, z = (1, —1),
L, 1®L yq,1=().
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ORTHOGONAL POLYNOMIAL

The previous example explains how the solutions of BAE for the gl,
case are related to the Jacobi polynomials.

The Jacobi polynomials are orthogonal polynomials,

/ 1 P ()P (x) (1 — x)*(1 + x)dx
J—1

2l Pm+a+1)I(m+b+1)
S 2m4a+b+1 T(m+a+b+1)m!

Onm, a,b>—1.

For the case of sl,+1, A = (A, kw ), where k € Z>, the solutions of the
Bethe Ansatz equations are related to zeros of Jacobi-Pifieiro
polynomials which are multiple orthogonal polynomials,
[Mukhin-Varchenko 2007].
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FUCHSIAN DIFFERENTIAL OPERATORS

Let A\, ... A Xbe partitions of length at most r + 1, where
A=y M) and A® = (WD AY Y foralls = 1, n. Set
A= ()\(1)7 e )\(”)). Let A x ; be the set of all monic Fuchsian

differential operators of order r + 1,
r+1

D— arJrl + Z hD arJrl z
i=1

with the following properties:

» The singular points of D are z1, . .., z, and oo.

» The exponents of D atz;,s =1,...,n, are
AT 1, A

» The exponents of D atoo,s =1,...,n, are
—7’—)\1,1—1’—>\2,...7—)\y+1.

» The operator D has no monodromy.
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HIGHER GAUDIN HAMILTONIANS

Consider gl,, ; Gaudin model with gl,, ; modules Ly¢),s =1,...,n.

There exist commuting operators B; ; in End(Q).,_; Ly ), for all

i=1,...,r+1,j € Z3;. The operators B;; are called higher Gaudin
Hamiltonians.

Set Bj(u) = 37, Bju~/, then we have

n n
Hi(zi) kxa
Ba(u) :Z U—2z +Z (1 —z)2
i=1

i=1

ky is a constant related to the action of the Casimir element on L .

u]

]
I

w
i




LIE ALGEBRA BETHE ANSATZ IN GAUDIN MODEL COMPLETENESS CONNECTIONS AND PROPOSED RESEARCH

000 0000000000000 0 00000 0O00000e00
!

Theorem (Mukhin-Tarasov-Varchenko 2009)

There exists a bijection between the set of common eigenvectors of the action
of Bijon (R, Ly )%"® and the set Ap x .. More specifically, for each
common eigenvector v, denote B;(u)v = h (u)v then

r+1
8{,“4—211 )T E Ap A

Moreover, B; j have simple joint spectrum (for all z) and they generate a

maximal commutative subalgebra of dimension dim(@)._; Ly )s;ng in
El‘ld(@:zl LA(S) )
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SCHUBERT CALCULUS

SetA=(d—r—1—An1,...,d —r—1— ) for enough large d € Z>,.
We define the intersection of Schubert cells €2, 5 , on the
Grassmannian of C4[u] . The space of polynomials X is a point of

Q4 x. if and only if X is the kernel of a differential operator in Ax » ..
We call X € Q, 5 , real if X has a basis consisting of polynomials with
real coefficients. Equivalently, a point D € Ay » , is real if all 1P (x)
are rational functions with real coefficients.

Theorem (Mukhin-Tarasov-Varchenko 2009)

Let z1, . . ., z, be distinct real numbers. Then Qp x , consist of
dim(@?_; Ly © distinct real points.

This is called the strong form of the B. and M. Shapiro conjecture.
In particular, the theorem implies the transversality of the
intersection. This statement was a long-standing conjecture, see
[Eisenbud-Harris 1986] and [Sottile 2000].
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It is proved that for types B,C the solutions of BAE also correspond to
Fuchsian differential operators, see [Mukhin-Varchenko 2004]. In the
cases of types B,C, we can associate each critical point to a differential
operator whose kernel is a vector space of polynomials with certain
symmetry. Such a space is called self-dual space. We hope to
understand the geometric property of this subset consisting of all the
dual spaces.

It is also proved that the coefficients of the constructed differential
operator correspond to the eigenvalues of higher Gaudin
Hamiltonians with respect to the corresponding Bethe vector for
types B,C, see [Mukhin-Molev 2015]. This result gives hope of
applications of Gaudin models of types B,C in geometry. The long
term goal is to establish the similar statements as the previous
theorems for types B, C. In particular, we would like to prove the
(higher) Gaudin Hamiltonians have simple joint spectrum for all z.
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Q&A



WHY VECTOR REPRESENTATION?

Solving Bethe Ansatz equation for arbitrary case is impossible. But it
is possible to solving it for tensor product of two representation with
multiplicity-free decomposition. The BAE for vector representation is
relatively easy to solve.

The Schur-Weyl duality tells us that every finite-dimensional
irreducible representation is included in V®" when 7 is large enough.
Though we can’t solve BAE for the tensor product of arbitrary
finite-dimensional irreducible representations, we can collide some z;
making them equal and use the result from vector representation to
deduce results for more general cases with generic z.

This also suggests us to solve BAE for the tensor products of the first
fundamental representations for types B,C,D as a first step.



WEIGHT FUNCTION

In 1991, Schechtman and Varchenko defined a rational map
w:C'xC" = (La)a., (t2z)— w(t;z)

called the canonical weight function. Let P(, n) be the set of
sequences [ = (i}, ... ,i}l; ...31f,...,i!) of integersin {1,...,r} such
that foralli = 1,...,r, the integer i appears in I precisely /; times. To
every I € P(I,n) we associate a vector

Ejv= Ei%+1,i} . Ei}1+1’i/11 V4 Q- ® Ej;t+17,‘i]t .. .E,‘]r:1+17,';1n U4

in (La)a.,, and certain rational functions w;. We set

w(t;z): Z ZWIEIU-

[€P(I,n) sym



EXAMPLE OF WEIGHT FUNCTION

Consider the vector representation of gl, ;. If I = (1,1,0,...,0), then

N E2,1E3720+ ® vy E3’2E2710+ ® U4
witiz) =~ oy @y T @i 0

(H IG z1) (4 1) z1)
Ex1v, @ E3pvy E; v, ® Ex 104

K -z —z) (1 -2 - =)

vy ®Ep1E320 LU ® E3pE2 104

1 2\, (2 2 D1
(1) — ) —z0) (1 - (HY — )
E3>2E2710+ ® U4 U4 @ E?‘;,ZEZ.,lv-i-

6 =50 —z) (7 )~z



EXAMPLES OF WEIGHT FUNCTION

w(t; z)
1 1
- + E} 0+ @0y
(<t§” LR NN S [ zn) ’
+( ! + L )E vy ®Eyqv
2,10+ 2,10+
D — ) —z) (Y —z) (V) — )
1 1
+ + vy ®E3 0y
(<t<” t“’lx i) —z) () -4 Zz>>
= + Er104 ® E271'U+.
(<t§” —z) (Y —z) (Y 2 - z2>>



CONSTRUCTION OF A DIFFERENTIAL OPERATOR FROM
A CRITICAL POINT?

Consider the Gaudin model associated to the tensor produc of vector

representations of gl,_ ;. Let y* = (y1,...,y,) represent a critical point
t. Define
o / B / ler / szl /
D(y) = (a_ln yr)(ﬁ—ln rH) (a_ln e )(a_ln ),

where Ty (x) = (x —z1) -+ (X — zy).



HIGHER GAUDIN HAMILTONIANS

Given an N x N matrix A with possibly non-commuting entries a;;,
we define its row determinant to be

rdet A = Z (—1)01110(1)1120(2) .. .lZNg(N).

oE€SN

Define the differential operator D” by

" E) " Eg) " E
0o — S L S -
u Zu_zs Zu_zs Zu_zs
s=1 s=1 s=1
(5) n EES% n E(S)l )
— o=y —22 . - o
rdet Zu—zs " ;u—zs ;ufzs
) 55) 1 K 'éés) 1 .. - .t(s)l 1
r+ T+ 1+
_ B PR M i« K
Zu—zs Zu—zs 23 u—zs




It is a differential operator in variable u, whose coefficients are formal

power series in u~! with coefficients in End ((@b 1 Lac ))Smg) ,

+1
ar+1 + VZ:B ar—H 1

where B;(u) = >_~; Biju~/ and Bjj € Endl((@'::1 Lye )s;ng), for all
i=1,...,r+1,j € Z3;. The operators B; ; are called the higher
Gaudin Hamiltonians.

The higher Gaudin Hamiltonians for arbitrary simple Lie algebras
were introduced by [Feigin-Frenkel-Reshetikhin 1994], see also
[Molev 2013].

Theorem (Talalaev 2004)

The operators B; ; generate a commutative subalgebra in

End((@s 1 Lac ))Smg> and they commute with the action of gl, ;.



THE B. AND M. SHAPIRO CONJECTURE

If V C Clx] be a vector subspace of dimension r + 1. The space V is
called real if it has a basis consisting of real polynomials.

The B. and M. Shapiro conjecture: Letf, ..., f.1 be a basis of V. If all
roots of the polynomial Wr(fy, ..., f,11) are real, then the space is real.

Sketch of proof: First we reduce it to the case that all roots have order
1.Define a differential operator with kernel V. It corresponds to a
Bethe vector in the tensor product of vector representations. Another
important observation is that the higher Gaudin hamiltonians are
symmetric with respect to a positive definite form(Shapovalov form).
Note that the higher Gaudin hamiltonian is symmetric, it must have
real eigenvalue. It follows that the coefficients of the operator are
real. Q.E.D.



SELF-DUAL SPACE

Let AV ... A, X\ be partitions with at most 7 + 1 parts and
Z1,...,2zy distinct complex numbers. For U € Ap » ; and
g1, ---,8i € U, define a polynomial

Wrl(g1,...,8) = Wr(g1, ..., i) HT] =t

the divided Wronskian with respect to X, where T;, i =1,...,r + 1,
are defined by

n

Tix) = [[(x - 2 ) A
s=1
where )\fiz =0, foralls =1,...,n. Denote U' the space spanned by

Wri(g1,...,g,) forallg; € U. U' is called the dual space of U. A space
of polynomials U is called self-dual if U = UT.
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